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Although the aerospace production process is much better controlled than in other industries, it remains true that

very smallmanufacturing tolerances exist in the geometrical parameters such asflange thickness andhole diameters.

In the current design process, the effect of this manufacturing variability on the structural durability and safety

cannot be accurately assessed and is hence compensated for by applying safety factors. This is not an ideal situation,

because it may lead to slightly overdesigned structures. Amuchmore promising approach is to include probabilistic

models of design variables into the mechanical simulation process. With a new methodology based on reliability

analysis, engineers can obtain a better understanding of the actual effect of the manufacturing tolerances and of

variability in material properties. Based on the analysis results, the robustness and reliability of the design can be

assessed and improved if needed. In this paper, the aforementioned probabilistic approach is demonstrated on a slat-

track structure.Measurements of different geometrical properties were collected during themanufacturing process

and their variability was characterized probabilistically with statistical models. Then a reliability analysis was

carried out usingmeshmorphing technology and fatigue life predictionswith an industrial-sized finite elementmodel

of the slat track to assess the reliability of the structure in terms of fatigue life. The outcome of the analysis consists of a

probabilistic model of the structural performance (e.g., fatigue life for the slat track), given the variability in the

geometrical parameters. Then a reliability-based design optimization procedure was carried out to improve the

design of the slat track while maintaining the same reliability of the nominal design.

Nomenclature

Bj = jth basis of functions

G = performance function

L = axial beam force acting on the slat track
MB = bending moment
MP = moment of the pinion acting on the inner rack of the slat

track
N = number of samples in a population
Pf = probability of failure
�j = jth function coefficient
� = reliability index
�t = target reliability index

�SS = slat-track extension angle
�AB = linear correlation coefficient between two populations A

and B
�̂AB = estimator of the linear correlation coefficient between

two populations A and B
� = standard deviation
� = standard normal cumulative distribution function

I. Introduction

C URRENTLY, aerospace industries are dedicating much
attention to improve product quality and reliability through a

virtual simulation environment. Product designers worldwide are
confronted with highly competitive though conflicting demands to
delivermore complex products with increased quality in ever-shorter
development cycles. Optimizing design performance with purely
test-based approaches is no longer an option, and numerical
simulation methods are widely used to model, assess, and improve
the product design based on virtual prototypes. Functional
performance attributes such as body strength; noise, vibration, and
harshness (NVH); vibroacoustic modeling (VAM); durability; and
crashworthiness [1–3] can already be optimized before entering the
expensive test phase. A new paradigm of mechanical testing as an
essential enabler in the virtual prototype optimization process
resulted. Combined advances in test and simulation push the design
envelope to shorter and higher-quality product development cycles
[4].

A major issue in the use of virtual prototypes is the presence of
uncertainty and variability [5] in the material and geometrical
properties and manufacturing processes [6] as well as in applied
loads; their effect on the performance cannot be predicted from a
single finite element (FE) analysis [7,8]. A traditional solution is to
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apply safety factors on the system parameters, but this typically leads
to oversized, too-heavy structures. A more promising approach is to
include uncertainty in the mechanical simulation process, thus
assessing and improving the reliability of the design. In fact, in real-
life structures it is typically not possible to assign an exact value to all
parameters [6].

Oberkampf et al. [5] distinguished two classes of nondeterminism
in parameter values. Variability refers to the variation inherent to the
physical system or the environment under consideration, and
uncertainty is a potential deficiency in any phase or activity of the
modeling process that is due to lack of knowledge. Note that other
definitions may be agreed upon, but the preceding definitions are
used throughout this paper. Variability (material characteristics,
manufacturing tolerances, etc.) can be handled with a probabilistic
approach, and uncertainty (damping, boundary conditions, etc.) can
be assessed with a possibilistic approach (e.g., fuzzy arithmetic).

In this paper, a fatigue analysis of a slat track using a validated FE
model is considered, because it is representative of a field in which a
better understanding of the effect of variability is required. In fact, for
this model, a probabilistic characterization of the variability was
introduced in the computer-aided engineering process using
advanced mesh morphing technologies. Based on this improved
simulation environment, a statistical characterization of the fatigue
performance of the structure was assessed. In this way, the new
probabilistic information gathered from the production process and
introduced in the simulation environment allows the design engineer
to obtain a better understanding of the actual effect of the
manufacturing tolerances on structural safety. In this context,
variability quantification was carried out to enable the application of
the probabilistic techniques available for reliability-based design
[9,10]. These techniques, developed in the last 30 years for a number
of different cases, allow the characterization of variability in
structural parameters (geometry, material properties, etc.) and the
analysis of its propagation on the final response of the structure or
system [11]. This effect can be studied using reliability analysis and
reliability-based design optimization strategies that make use of
limit-state approximations as well as of sampling procedures, thus
giving the analyst the ability to balance the accuracy and the
computational effort required to extract the necessary information on
safety and performance stability. Moreover, a reliability-based
design optimization procedure was carried out to improve the design
of the slat track by minimizing the total mass while maintaining the
same reliability level of the nominal design.

Although reliability-based optimization methodologies have been
applied in many structural analysis fields [12], also taking into
account many failure modes and optimization strategies, one of the
main problems that had to be faced was a consistent definition of the
variability inherent to the design parameters selected. In this paper,
the probabilistic characterization of this variability was based on real
data collected during the manufacturing process of the slat-track
component, and thus no assumption or expert opinion on the
distribution type for each parameter was used. In this way, the results
are minimally affected by the probabilistic modeling of the design
variables, and only bounded by the range of validity of the finite
element method theory and by the damage accumulation procedure
used for fatigue life prediction.

The presented methodologies are being studied and developed in
the context of the EC Research Training Network (RTN)
MADUSE†† and the Instituut voor Innovatie door Wetenschap en
Technologie (IWT) research and development project combining
testing and simulation to improve the reliability of safety-critical
airplane components.

II. Analysis Case: Slat Track

The FE core model (Fig. 1b) consists of 236,630 tetrahedral
elements generated by an automatedmesh generator. Beam elements
were added to correctly represent the rack in the inner section of the

slat-track profile and to model the rod-leading-edge assembly,
connected by ball bearings.

The slat track is made of a 18% nickel–cobalt–molybdenum
maraging steel, which has an ultimate tensile strength equal to
1800 MPa and Young’s modulus of 184 GPa.

A. Measured Data and Probabilistic Characterization

Probabilistic analysis requires that a representative set of data is
available to characterize the geometrical variabilities of the
manufacturing process. Because every manufacturing process is
different from the other, there are no standard assumptions that can be
made on the type of distribution to be used to characterize geometric
tolerances. This is, of course, not the case for physical quantities such
as material properties, which can be easily modeled and for which
well-known guidelines are available for a wide class of materials.

For the slat track, four input parameters were selected for the
probabilistic characterization, as demonstrated in Fig. 1a. For these
parameters, geometrical measurements were taken on 1573 speci-
mens of nominally identical slat tracks during the manufacturing
process and on both sides of the slat-track dimensions. In particular,
the difference between the nominal (design) value and the actual
valuewasmeasured for each parameter. These data were then used to
build a probabilistic characterization of the input parameters using
random variables. For this purpose, a least-squares fitting procedure
was used with the four available sets of data to find the best statistical
distributions that represent the population of measured differences.
The type of distribution and its mean and standard deviations are
reported in Table 1. The distribution models were verified with a �2

hypothesis test [13], which checks that the selected model is
representative of the data set used for the least-squares procedure.

A check on the statistical correlation of the design parameters was
also carried out using the data acquired during the manufacturing
process. This check needs to be performed to avoid a possible
assumption of statistical independency affecting the simulation
results. Thus, the estimation �̂AB of the linear correlation coefficient
�AB between two generic data sets A and B was carried out for the
input parameters considered in this case. The definition of the
approximate linear correlation coefficient �̂AB of N samples each is
(in the least-squares sense [14])

�̂ AB �
ĉovfA;Bg������������������������������
v̂arfAgV̂arfBg

q �
1
N

P
N
i�1�aibi� � �A�B������������������������������������������������������������������������
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where ĉovfA;Bg is the approximate covariance estimated using the
realizations of the two random variables, and v̂arfAg and v̂arfBg are
the approximate variances estimated using the realizations of the two
random variables.

In Table 2, the values of the approximate correlation coefficients
for the design parameters of Table 1 are reported (correlationmatrix).

As can be seen from the correlation matrix, most of the parameters
have little or no correlation, except between the difference-base-
height and the difference-top-height parameters, which show a
negative correlation. The causes of this correlation were not
investigated, because they mainly depend on the manufacturing tool
used for the slat-track production, but their effect was taken into
account during the reliability computations. More details will be
given in the Results section. In Fig. 2, the correlation plots for all the
parameters are reported. The presence of a few outlier samples
(defined as observations that are far from the mass data of values in a
statistical population of samples) was neglected for the computation
of the correlation matrix. Various methods exist to classify an
observation as an outlier (see [13] for further details).

B. Objective of the Analysis

In this paper, the presence of variability in the input parameters
was taken into account to analyze the fatigue life of the slat track
using the FE model. The propagation of variability in the structural
analysis and its effect on the component performance was analyzed,
and an optimization procedure based on the obtained results was

††Data available online at http://www.maduse.org/ [retrieved 1 Octo-
ber 2007].
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carried out to improve the weight of the structure, reducing the total
mass while keeping the same reliability level. The statistical
characterization of the input parameters and their measured
correlation was used in the computation of the fatigue life, thus
allowing the application of reliability analysis and reliability-based
design optimization (RBDO) techniques using probabilistic
constraint formulations. Details on these well-assessed reliability-
based techniques and their limitations can be found in [9,10,15–28].

Note that the number of variables and their selection is not limited
to the present choice, because they can be changed and increased in
number, depending on the particular application. In fact, it is the
engineer who should ensure that all relevant tolerance parameters are
included in the analysis. Also, a number of techniques are available
to handle high-dimensional and nonlinear problems, in which the
number of parameters cannot be reduced reasonably without
negligible approximations [21].

For the present case, focus was given only to geometrical
quantities and not to other sources of variability (e.g., loads, material
properties, etc.). This does not affect the general applicability of the
reliability techniques described in this paper. This choice is mainly
motivated by the amount of data available for the characterization of
the geometrical tolerances, whereas for other sources of variability,
either not enough data were available (e.g., for loads) or the inherent
variability had a negligible effect on the structural response because
variability is better controlled in other processes (e.g., material
properties).

III. Considerations on Using the Finite
Element Method

In this paper, the word physical refers to the used FEmodel and to
the particular characterization of the variability of the input
parameters, including their boundaries. In fact, when using FE
models to represent reality, at least three processes should be carried
out, as stated by the Technical Committee on Model Credibility of

the Society for Computer Simulation in 1979, as stated in [29]. This
process, shown in Fig. 3, identifies the primary phases and activities
of modeling and simulation, including model verification and
validation.

As defined by the AIAA verification and validation guide [30],
verification is the process of determining that a model
implementation accurately represents the developer’s conceptual
description of themodel and the solution to themodel, and validation
is the process of determining the degree to which a model is an
accurate representation of the real world from the perspective of the
intended uses of the model. These definitions imply that the FE
model cannot be used with any possible combination of the input
parameters, disregarding the domain of verification and validation of
the model itself. Unfortunately, the boundaries of the domain of
possible computations are unknown or extremely difficult to be
assessed correctly. The assumption of an unbounded stochastic
space, which till now has often been accepted in literature, is
typically not valid for FE computations. Also, there is an unknown
error in the probability of failure Pf estimation that is due to the
definition of the domain itself, especially when using non-Gaussian
random variables.

In this paper, the aforementioned problem was simplified for
engineering practice: the input parameters were bounded inside a
hypercube centered in the originwith an edge size varying from 10 to
30�, depending on the values of the input parameters’ scatter. This
keeps the reliability analysis algorithms inside the region that can be
explored by the finite element method with a verified and validated
model. For example, in the case of a 20� edge hypercube, the nearest
boundary is located at 10� from the origin, which corresponds to a
failure probability of less than 2:0 � 10�23. It could also be the case
that the nearest point lies outside the hypercube of 20�; in that case, it
is guaranteed that the reliability index is higher than 10�, which is
sufficient for all practical purposes because quality control processes
could reject components with a deviation from a nominal value
greater than 10�.

Fig. 1 Slat-track FE model with loads and constraints.

Table 1 Statistical characterization of the input parameters, based on measured data

Variable Design value Distribution Mean of difference from nominal Standard deviation of difference from nominal

Difference base height Undisclosed Normal 0.15181 mm 0.05918 mm
Difference thickness Undisclosed Normal 0.14722 mm 0.04942 mm
Difference top height Undisclosed Normal 0.02503 mm 0.07012 mm
Difference inner top height Undisclosed Normal 0.10272 mm 0.06084 mm

Table 2 Statistical correlation between the input parameters, based on measured data

Difference base height Difference thickness Difference top height Difference inner top height

Difference base height 1 0.0944 �0:4679 �0:1123
Difference thickness 0.0944 1 �0:1774 0.0563
Difference top height �0:4679 �0:1774 1 0.1694
Difference inner top height �0:1123 0.0563 0.1694 1
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IV. Analysis Case Implementation

With the variability introduced in the input parameters, a first
estimation of the reliability of the nominal design is made. This
allows the estimation of the degree of conservatism for the nominal
design and howmuch it can be improved without violating the target
reliability level. Then the performance behavior of the FEmodel was
observed and an RBDO process was applied to optimize the design
by reducing the total mass while satisfying the following
probabilistic constraint:

�t � 6) Pf � 9:86 � 10�10 (1)

To perform the RBDO procedure, a software code was developed
and used. The optimization process is managed by an OPTIMUS
[31] thread that determines the necessary steps to reach the optimum
design point that satisfies the probabilistic constraint of Eq. (1), using
a sequential quadratic programming (SQP) approach. Note that the
optimization process is a deterministic process with a probabilistic
constraint. Thus, the result is an optimum point that is also reliable
with respect to the required failure probability.

For each iteration of the optimization process, the algorithm
requires the evaluation of the performance function at specific values
of the input parameters, so that a static FE analysis has to be

performed for each evaluation. To accomplish this task, another
process-management thread was created that submits the new
problem to the FE solver and extracts the necessary results.

The fatigue analysis of the slat track requires the integration of
different procedures. Given amaterial degradationmodel, a standard
durability assessment usually requires one structural analysis with
unit loads together with the simulation of the repetition of the
selected load history for a number of cycles. Further details will be
given in Sec. IV.B.

For the present case, another step is required before the structural
analysis can be performed. In fact, to take into account the variability
of the input parameters, a transformation of themesh is required. This
transformation turns the nominal mesh into a morphed mesh, for
which the values of the geometric input parameters are different from
those of the nominal design. This morphed mesh can better represent
the real product, without the necessity of remeshing from the CAD
geometry. Thus, the slat-track mesh first needs to be modified to
reflect the new input parameter configuration and then analyzed with
unit loads using a FE solver. The results of the structural analysis are
then used for the durability simulation. The outcome of the fatigue
analysis, in terms of safety factor, can finally be used for the
performance function of the slat track.

A. Mesh Morphing

The type of mesh transformation called mesh morphing [32]
consists of a change in the position of the nodes belonging to a
specifiedmesh, following a given expression. This expression can be
mathematical, such as a matrix, or geometrical (for example, the
definition of a target shape). The morphing technology offers very
interesting perspectives to apply such mesh modifications in a user-
friendly and application-oriented way [33]. The most commonly
usedmeshmorphing techniques are free-formmorphing and control-
based approach.

In free-formmorphing, a set of morphing tools acts directly on the
mesh. The approach uses the concept of control nodes, deformable
nodes, and fixed nodes. Fixed nodes determine the boundary of the
area of the deformable zone of the mesh. The deformable nodes
correspond to the nodes that will be morphed. The actual
displacement of the deformable nodes is determined by the
displacement of the control nodes. To move the control nodes,
several transformations can be applied, including projection (to
surfaces or lines), translation, rotation, alignment, and scaling.

In a control-based approach, morphing operations are not carried
out directly on the mesh of the existing FEmodel. Instead, morphing
is applied bymeans of control blocks. Each control block represents a
volume that envelops a small part of the existing FEmesh. By linking
the location of the FE nodes inside each control block to the location
of the corners of the control block, morphing operations applied to
the blocks automatically define the geometry of the morphed FE
model.

For the case considered in this paper, the first approach was
selected. The particular complexity of the mesh made the use of
control blocks less suitable. In particular, referring to Fig. 1, four
different free-formmorphing setups were created, one for each input
parameter. Each setup has a set of control, deformable, and fixed
nodes and can share nodes with other setups, thus allowing
overlapping (or cumulative) transformations. In this case, the
presence of overlapping mesh morphing transformations might lead
to a degradation of the quality of some finite elements. For this
reason, a sequence of application of the four transformations was
identified that minimizes the possible distortion of the geometry of
the finite elements involved in the transformation and guarantees a
sufficient element quality level for the deformed mesh. As a
consequence, the well-known problem of the distortion for elements
at the junction between deformed and undeformed mesh has a
negligible effect.

The morphing process has to be repeated a number of times for
each combination of the input parameters. The performance function
needs to be evaluated for each set ofmeshmorphing transformations,
thus requiring a durability analysis each time.
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Fig. 2 Correlation plots for the design parameters.

Fig. 3 View of modeling and simulation by the Society for Computer

Simulation.
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B. Durability Analysis

Because fatigue is the degradation of a material due to repeated
cyclic loading, this typically means that for metals, there is an
initiation of small cracks from active slip bands in grains on the free
surface of a specimen, component, or structure. These small cracks
eventually link to form large cracks that either break or severely
degrade the performance of a component. Also, when repeated
fatigue life tests are performed, one does not find exactly repeated
results, but rather a scattered set of results. There are natural
variations in material properties, component dimensions, customer
service loads, and manufacturing tolerances. Probabilistic
distributions can be used to characterize the variation of these
variables and include this variability in the design process. This
better explains and predicts the scatter obtained in fatigue test results.
Two basic approaches were developed to estimate the crack-
initiation life of components and to address fatigue analysis and
design for durability: the stress-life approach and the strain-life
approach. The goal of both approaches is to estimate the crack-
initiation life of structures by combining a mechanics-based analysis
of stresses or strains with the results of basic material property tests.
For the present case, the strain-life approach was selected and the
cyclic stress–strain curve and the strain-life curve were determined
using the uniformmaterial law [34]. Further details on the validation
of the uniform material law model can be found in [35].

For the slat track, in-flight measured data were used for the fatigue
analysis [35]. The aircraft was instrumented as for the normal
qualification test campaign, for which several different measure-
ments are usually acquired in many different flight conditions. From
this large database, a subset of measuring channels was selected to
retrieve the measurements of interest for the fatigue assessment on
the slat track. All significant flight conditions were identified on the
selected channels and the necessary data were extracted. This
represents a reliable base for the fatigue life prediction.

In particular, all loads acting on the slat track were measured at
three locations (Fig. 4). The acquisition and recording of the bending
momentMB and of the axial beam force L was done by using strain
gauges at these locations. Also, the momentMP of the pinion acting
on a rack at the inner side of the slat track was measured at different
positions, depending on the slat-setting angle �SS. For the present
case, the most critical condition was identified when the slat track
was extended with an angle of �SS � 20 deg. An extensive analysis
of the fatigue performance of the slat track is reported in [35].

The durability performance of the slat trackwas expressed in terms
of a safety factor. The safety factor is always defined as the factor that
can be multiplied to the loads to reach the endurance limit (infinite
life) with respect to the amplitude of the largest stress cycle. For
example, a safety factor of 2 means that the load does not cause any
cyclic damage accumulation as long as it is scaled with a factor less
than 2. Damage accumulation for high- or low-cycle fatigue failure
starts when the factor is greater than 2.

In this paper, the minimum safety factor on the FE model was
considered as representative of the fatigue performance of the slat
track. The element for which the minimum safety factor is computed
will be called a “hot spot” and can change depending on the variation
of the input parameters. Further details are given in Sec. V.A.

C. Process Integration

To automate the whole procedure, a process integration setup was
created. The integration was divided in two steps: integration of the
mesh morphing/durability analysis and the creation of the necessary
input and output files needed for the analysis. The first part was
accomplished by using LMSVirtual.Lab [36] together with a Visual
Basic Application script. This block was integrated in an OPTIMUS
graph, providing the necessary problem definition, input/output files,
results extraction, and postprocessing.

Because the computational effort for the whole process can be
considerable for industrial FE models, a design-of-experiments [37]
(DOE) approach was selected to limit the time needed. A Latin
hypercube DOE in the range of�15� to�15� was used to compute
the performance of the structure in 80 points. This range was chosen

to allow a sufficientlywide range of exploration of the response of the
structure in the standard normal space. Subsequently, a least-squares
response surface [38] (RS) was created to approximate and predict
the response of the structure without requiring a full analysis.

The use of response surfaces can be prone to errors, however,
especially for reliability problems [39]. In fact, in this type of
analysis, the correct approximation of the limit-state function (LSF)
in the stochastic space is essential. Even a small error in the
estimation can cause a considerable variation in the approximation of
the probability of failure due to the nonlinear relation between the
reliability index � and the standard normal cumulative distribution
function � (see [9] for a more detailed explanation). Thus, a careful
check of the validity of the models was carried out (see Sec. V.A).

D. Performance Function Selection

Following the previous considerations, the choice of the
performance function G for the reliability analysis and optimization
is related to the desired minimum safety factor. For the slat track, a
safety-factor minimum value of 2.5 was selected. The performance
function can then be written as

safety factor � 2:5) G� safety factor � 2:5 (2)

With this choice, theG function is positive where the safety factor
is larger than 2.5.

The threshold value of 2.5 for the safety factor was selected
because it is close to the minimum value for the safety factor
observed during the DOE, which constitutes the domain of validity
of the RS. In the case that a wider sampling interval for the DOE is
possible, the RS can be validated on a larger domain, thus allowing
the selection of a lower threshold.

The probabilistic constraint of Eq. (1) can thus be written

P�G< 0� � P�safety factor < 2:5� � 9:86 � 10�10 (3)

V. Results

A. Design Exploration

The results of the design exploration are reported here. The range
of exploration of the system response was from �15� to �15� for
each input parameter, and a Latin hypercube DOE strategy was
selected. This strategy is similar to random sampling, with the
difference that the N samples put in the n-dimensional space are
placed in subsets of equal probability, thus yielding a more uniform
distribution of the samples based on the probability density [40]. The
results for the difference-thickness and the difference-base-height
parameters were reported in terms of safety factor and total mass and
can be seen in Figs. 5 and 6. For the two remaining variables
(difference inner top height and difference top height) the
distribution of the samples in terms of the safety factor and total mass
is very similar to the distribution of the samples for difference base
height, and thus they were not reported.

It can be seen fromFig. 5 that the relation between the safety factor
and the input parameters is not the same for all of them. Particularly, a
variation of the difference-thickness parameter (defined as the

Fig. 4 Kinematics boundary conditions for varying slat-track position

�SS.
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difference between the actual and the nominal value) determines two
different samples populations in the safety factor. In fact, if the
difference-thickness parameter is negative, the approximate slope of
the population is steeper than the case in which the difference-
thickness parameter is positive. This shows that the sensitivity
coefficient of the safety factor changes considerably with respect to a
variation of the difference-thickness parameter. Moreover, the
scatter of the two populations due to the variation of the other
parameters is small. This means that the dependency between the
difference-thickness parameter and the safety factor is not
significantly influenced by the variation of other parameters.

To better explain the behavior of the system response shown in
Fig. 5, a careful analysis of the values of the safety factor on the FE
model was done. In particular, the identification of the elements for
which the safety factor assumes the minimum values (also called hot
spots) was carried out. Because the performance of the system is
represented by theminimumvalue of the safety factor, the location of
the first hot spot also identifies the element of the FE mesh for which
thisminimal value occurs. The analysis revealed that thefirst hot spot
for which the safety factor is minimal changes depending on the
value of the difference thickness, as defined in Sec. II.A. The
different locations of the first hot spots for the cases of negative and
positive difference thickness (with respect to the nominal value) are
shown in Fig. 7.

In fact, when the difference-thickness parameter is positive, the
predominant hot-spot location (for the first and the other hot spots) is
the one shown in Fig. 7b. When the difference-thickness parameter
decreases, a new predominant location can be identified that is more
sensible than the first one to variations of the difference-thickness
parameter. This new location is shown in Fig. 7a. This explains why

the scatter plot of Fig. 5 shows a population of samples with two
different linear behaviors. This was taken into account in the
response-surface calculation process, as explained later.

On the other hand, the behavior for the total mass is smoother than
the safety factor, and for all the parameters there is only a small linear
correlation. This is logical, because mass depends linearly on
geometrical dimensions.

The results of the DOE were used to build two response surfaces,
one for the safety factor and one for the total mass. To model the
dependency of the safety factor from the difference-thickness
parameter with sufficient accuracy, an optimal RSmodel [38,41] (O-
RSM) procedure was carried out to find an optimal selection of terms
for a least-squares model within the DOE domain of exploration of
the input parameters. In this procedure, for a given set of simulated
data pairs �xi; yi� (i� 1; . . . ; N), an iterative process xi 2 Rn is
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Fig. 5 Results of the Latin hypercube DOE for the safety factor vs the difference thickness and the difference-base-height parameters.
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Fig. 7 Location of the first hot spot for a) negative difference thickness

and b) positive difference thickness.
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carried out to find the basisBj�x� (j� 1; . . . ; m) of functions defined
in Rn ! R and the set of coefficients �1; . . . ; �m that, given the
linear fitting function

y�x;�1; . . . ; �m� �
Xm
j�1

�jBj�x� (4)

minimizes the sum

XN
i�1
�yi � y�xi;�1; . . . ; �m��2 (5)

For the safety factor, the selected basis Bj�x� of functions was a
third-order polynomial with first-order sine and cosine functions.
The resulting fitting function showed to be more suitable to
efficiently model the special correlation between the difference-
thickness parameter and the safety factor, while also keeping a good
accuracy for the other parameters. Some sections of the model are
shown in Fig. 8.

For the total mass, the selected response model was a quadratic
Taylor polynomial with a strong prevalence of linear terms over
quadratic terms, which well represents the computed samples (see
Fig. 9).

The analytical expressions and the coefficients of the two response
models are shown in Tables 3 and 4. For each response model,
quality indexes were computed to verify the fitting and prediction
accuracy within the limits of the domain of definition of the models.
In particular, three regression parameters were computed: R2, R2

adj,

and R2
press. Values of R

2 and R2
adj close to 1 mean that the model well

fits the values of the simulation points used to calculate the model,
whereas values of R2

press close to 1 indicate that the model will
performwell for points that were not simulated. In particular,R2

press is
an index of the predictive capability of the model within the
definition domain. Further details on the definition of these
parameters and their properties can be found in [38,39].

The quality indexes for the safety-factor and the total-massmodels
are reported in Table 5.

B. Statistical Characterization of the Performance Function

To assess the effect of the introduced variability on the system
response, a probabilistic characterization of the performance
function (see Sec. IV.D) for the original design point was carried out.
Using the response surface, a Monte Carlo simulation of 5000
samples was used to estimate the mean and the standard deviation.
The limited sample size was sufficient for the convergence of the
estimator of the statistical moments. The population obtained was
then analyzed with a least-squares procedure using a histogram
representation to find the best probabilistic density model that
represents the population distribution. It was found that the response
of the system follows an extreme type III of the smallest values (also
known as the Weibull of the minimum values) distribution [13], as
shown in Fig. 10, with a mean of 1.235, standard deviation of 0.041,
skewness of �0:501, and kurtosis of 0.36. This model was verified
with an �2 hypothesis test [13], which checks that the selected model
is representative of the data set used for the least-squares procedure.

Fig. 8 Sections of the response model for the safety factor.

Fig. 9 Sections of the response model for the total mass.

Table 3 Terms and coefficients of the response model

for the safety factor

Term Coefficient

DiffBaseHeight 2:301 � 10�2

DiffTopHeight �4:661 � 10�2

sin (DiffTopHeight) 8:804 � 10�2

cos (DiffTopHeight) 3:647 � 10�2

sin (DiffInnerTopHeight) 6:518 � 10�2

DiffThickness 5:608 � 10�1

cos (DiffThickness) 3.700
DiffThickness2 1.146
DiffThickness3 1:802 � 10�1

DiffThickness � DiffTopHeight � DiffInnerTopHeight 2:957 � 10�2
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C. Reliability Analysis

After the statistical characterization of the performance function, a
reliability analysis using the reliability index approach [16] was
carried out. The response models computed for the safety factor and
the total mass were used as metamodels to assess the reliability of the
slat-track structure.

The reliability analysis step is necessary to find the position of the
most probable point (MPP) on the LSF in the standard normal space
[19]. The distance between theMPP location and the design origin in
the standard normal space (reliability index �) represents a measure
of the possible improvement of the design parameters that can be
gained with the reliability-based optimization procedure using a 6�
target (see Sec. V.D).

The results of the reliability analysis procedure are reported in
Table 6 and shown in Fig. 11. The reliability analysis results of the
nominal point are as follows: 7 iterations, 52 LSF evaluations, and
the reliability index was 14.398. The starting point is the nominal
design, characterized by the mean values of the input parameters.

To better explain the results of the MPP location in Table 6, a
negative value in the standard normal space means that the mean
value should be reduced by the amount specified in standard
deviation units. Thus, the value is relative to the origin of the standard
normal space, which is the nominal point (mean values). Thus, the
results expressed in the parameters space (second row of Table 6) are
the newmean values of the difference between the design values and
themeanmanufacturing values (see Sec. II.A for the definition of the
input parameters).

D. Reliability-Based Design Optimization

The results of the optimization process for the analysis case are
reported in this section. The target of the optimization is to reduce the
total mass while keeping a distance of 6� from the region of the event
space in which the safety factor has a value equal to or smaller than
2.5. This means that the newly found design will have, given the

scatter in the input parameters, a probability of 9:86 � 10�10 of
having a safety factor smaller than 2.5.

To carry out the RBDO process, a two-step strategy was adopted.
In the first step, a standard deterministic optimization procedure is
performed to efficiently find a point located on the limit-state
function G that minimizes the total mass of the structure. At this
stage, no probabilistic constraint is taken into account and the point
found has a probability of failure of approximately 0.5 (see Figs. 12
and 13). In the second step, another optimization procedure is started
from the deterministic optimum point to find the probabilistic
optimum point, which satisfies the probabilistic constraint.

An alternative one-step procedure can also be used. In this
approach, the probabilistic constraint is enforced from the first
optimization step. As a consequence, the probability of failure for
each step of the optimization procedure has to be assessed to check
that the probabilistic constraint is not violated. It is clear that in some
situations, this methodology could require a much higher number of
computations with regard to the two-step approach, which is usually
undesirable and computationally expensive. In particular,
experience showed that the two-step approach is particularly useful
when the MPP for the nominal design is located at a distance of
� > 1:5 � �t (e.g., the target reliability index �t is 6� and the
reliability index of the current nominal design � is 12�). In this case,
in fact, the optimization iterations that would require the evaluation
of the probabilistic constraint would be limited to the second part of
the optimization that pulls the optimumpoint to a distance of�t � 6�
(for the present case) from the deterministic one and that usually
requires less iteration steps. This is demonstrated in Figs. 14 and 15.

In this case, in fact, if the probabilistic constraint would have been
considered in only one single optimization procedure (instead of
two) starting from the nominal point, the number of evaluations
required to enforce the constraint would require a much high number
of performance function evaluations. This approach constitutes an
acceptable compromise between performance and accuracy.

For both optimization procedures, each input parameter was
constrained to a range of �15� to�15�, which is also the range of
validity of the RSM and avoids extrapolation.

The results of the deterministic optimization are shown in Fig. 12.
The optimization procedure required 11 SQP iterations and a total of
59 LSF evaluations to converge. The main result of the deterministic
optimization was a reduction of the total mass from 3.9327 to
3.5446 kg.

The second optimization process was carried out using the
performance measure approach and the enhanced hybrid-mean-

Table 4 Terms and coefficients of the response model

for the total mass

Term Coefficient

1 3.930
DiffBaseHeight 5:393 � 10�2

DiffThickness 1:908 � 10�2

DiffTopHeight 4:509 � 10�2

DiffInnerTopHeight 1:108 � 10�1

DiffBaseHeight2 7:128 � 10�5

DiffBaseHeight � DiffThickness �2:271 � 10�3

DiffBaseHeight � DiffTopHeight �3:496 � 10�5

DiffBaseHeight � DiffInnerTopHeight �1:330 � 10�4

DiffThickness2 �6:586 � 10�5

DiffThickness � DiffTopHeight �3:041 � 10�3

DiffThickness � DiffInnerTopHeight 2:275 � 10�4

DiffTopHeight2 �3:041 � 10�4

DiffTopHeight � DiffInnerTopHeight 1:088 � 10�4

DiffInnerTopHeight2 �2:655 � 10�4

Table 5 Quality indexes of the response models for the

safety factor and the total mass

R2 R2
adj R2

press

Safety-factor model 0.9860 0.9841 0.9806
Total-mass model 0.9999 0.9999 0.9999

Fig. 10 Probability density function of the MCS population of the
performance function G.

Table 6 Location of the most probable point in the standard normal space (� coordinate) and in the parameter space

Difference base height Difference thickness Difference top height Difference inner top height

�1:3586� �14:324� �0:3000� �0:4330�
0.0714 mm �0:5639 mm 0.1856 mm 0.0250 mm
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Fig. 12 Deterministic optimization procedure in the standard normal space Y.

Fig. 13 Reliability of the deterministic optimal point.
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value method (HMV+) algorithm [42], looking for a reliable
optimum. The results of the optimization are shown in Fig. 14. The
reliability-based optimization procedure required two SQP iterations
and a total of 280 LSF evaluations to converge. The main result of
this optimization was a slight increase of the total mass from 3.5446
to 3.6236 kg.

To demonstrate the efficiency gain for this two-step optimization
strategy, a complete optimization loop starting from the nominal
design point and taking into account the probabilistic constraint was
carried out. This optimization procedure required 13 SQP iterations
with approximately 985 limit-state evaluations, which is 2.9 times
more than the actual effort spent with the two-step approach. For the
sake of completeness, this one-step full process is shown in Fig. 15.

The reliability-based optimization results clearly show that in
terms of standard deviation, there is room for improvement of the
design while keeping the same reliability.

The design found with the reliability-based design optimization
[which was placed at 6� for the RBDO algorithm using the enriched
performance measure approach (PMA+) with HMV+ [42]) shows a
mass reduction with respect to the nominal design. This is
demonstrated in Table 7. In particular, a negative value in the last row
of Table 7 (final optimization point) indicates that the mean values of
the parameters reported in Table 1 can be reduced.

The mass reduction of 7.86% constitutes the main result of the
optimization. This reduction is particularly significant when one
considers that the standard deviations observed in the measured
tolerance data are very small.

Further reduction of themass can be achieved by sampling awider
interval of variation of the input parameters (see Sec.V.A for the used
parameters’ range). However, an increased interval of exploration of
the system response may require taking into account other failure
modes (e.g., the buckling of the left and right thin plates for which the
difference-thickness parameter is defined) that were not relevant for
the present case. In this paper, these additional failure modes were
not considered in the analysis, because their effect was negligible on
the estimation of the probability of failure for the selected range of
variation of the design parameters. Nevertheless, attention should be
given to avoid that the estimation of the reliability of the structure is
affected by other failure modes not included in the analysis and that
might become as relevant as those considered for the reliability
analysis [12]. In this view, themass reduction results obtained can be
considered valid, because in the selected range of variation of the

input parameters, other failure modes are not relevant. However, this
is not always the case and a careful check should always be carried
out.

It is important to note that the time needed for the reliability
analysis and the optimization processwas very limited, due to the use
of the response-surface model. In fact, each FE computation of the
structural and durability analysis takes a total of 40min on a standard
PC,whereas the response surface takes less than a second to evaluate.
This makes it very clear that a Monte Carlo simulation and the
optimization process would have been much more expensive, in
terms of computational effort and time, without the use of a response
model. Moreover, the total effort of the optimization process can be
further reduced by using improved optimization techniques, as
described in [28].

The integration of the reliability optimization together with the
precise manufacturing process used for the slat track thus opens the
way formore reliable and lightweight products, while still preserving
a very reliable safety margin in the design.

VI. Conclusions

In this paper, a slat track under variable load conditions was
analyzed considering the variabilities in the input parameters.
Several observations were made.

In a traditional design process, it is not possible to assess the effect
of variability on durability performance. As compensation, safety
factors are introduced that, unfortunately, may lead to slightly
overdesigned structures. For the slat track, variabilities of the
geometric tolerances for four parameters were considered. These
tolerances were parameterized as shape design variables using mesh
morphing technology, enabling the accurate assessment of their
effect on the durability performance. The entire process (mesh
morphing, finite element analysis, durability analysis, reliability
assessment, and optimization) was captured in a state-of-the-art
process integration and design optimization environment. A design
of experiments with response-surface methodology was used to
speed up the calculation process.Amoderate range of variation of the
design parameters was selected, because the paper concerned an
assessment and optimization on an already manufactured,
extensively tested, and validated slat track (and not on a novel
design concept for which much larger ranges of variation could be of
interest).
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Fig. 15 Full RBDO procedure results in the standard normal space.

Table 7 Results for the two optimization procedures and mass reduction summary

Difference base
height, mm

Difference
thickness, mm

Difference top
height, mm

Difference inner top
height, mm

Total mass,
kg

Safety
factor

Reliability
index

Nominal point 0.1518 0.1472 0.0250 0.1027 3.9327 3.7373 14.398
Deterministic
optimum

�0:7359 �0:5044 �1:0267 �0:8099 3.5446 2.5001 0.0

Probabilistic
optimum

�0:7359 �0:2076 �1:0267 �0:8099 3.6236 6.0

Mass reduction 7.86%
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A statistical characterization of the selected parameters was done
usingmeasured data during the production process, thus enabling the
use of reliability analysis techniques. The performance function for
the reliability analysis was based on the safety-factor prediction of
the durability computation. The safety factor was somewhat lowered
when compared with the nominal design, but still quite a high value
was used to absolutely guarantee the design safety.

Furthermore, state-of-the-art reliability-based design optimization
methods (using the enriched performancemeasure approachwith the
enhanced hybrid mean value) were used to take advantage of the
margin in the reliability: the design could be relocated in the
parameters space to a point at which a lighter structure is possible,
while still guaranteeing a design reliability of 6�. More specifically,
for the slat track, a mass reduction of 7.86% with respect to the
nominal mass was obtained. This is a very significant result of the
optimization, especially when one considers that the standard
deviations observed in the measured tolerance data are very small.
Further gain in themass reduction can be achieved if a different setup
of themorphing transformation is created and other input parameters
are introduced in the design process. Also, attention should be given
that other failure modes (e.g., buckling) do not become as relevant as
the failure mode considered.
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